Abstract. Let k be an imperfect field. Let X be a regular variety over k and set Y to be the normalization of (X × k k 1/p ∞ ) red . In this paper, we show that
More precisely, we would like to reduce some problems to the ones for varieties over algebraically closed fields or perfect fields. However, the base change X × k k 1/p ∞ , where k 1/p ∞ := e≥0 p 1/p e , is not normal in general (even not reduced). By taking the normalization Y of the reduced structure (X × k k 1/p ∞ ) red , it is natural to consider the relation between K X and K Y . In this paper, we show the following theorem.
Theorem 0.1 (Main theorem, Theorem 3.2). Let k be a field of characteristic p > 0. Let X be a regular variety over k such that k is algebraically closed in K(X). Set Y to be the normalization of (X × k k 1/p ∞ ) red and let Y reg be the regular locus of Y . Let f : Y → X be the natural morphism. Then, the following assertions hold.
(1) If X is geometrically normal over k, then
(2) If X is not geometrically normal over k, then there exists a nonzero effective Z-divisor C on Y such that
In the following, we consider some applications of Theorem 0.1. We can apply this theorem to K X -trivial fibrations with non-normal fibers as follows.
Theorem 0.2 (Theorem 4.5). Let k be an algebraically closed field of characteristic p > 0. Let π : X → S be a projective surjective kmorphism of normal k-varieties such that π * O X = O S . Assume that K X is Q-Cartier and π-numerically trivial. If general fibers of π are not normal, then X is uniruled.
Remark 0.3. If X is a smooth surface and S is a curve in Theorem 0.2, then X is a quasi-elliptic fibration (cf. [Bȃdescu, Section 7] ), that is, a general fiber is a cuspidal cubic curve.
In the minimal model theory, a Mori fiber space is one of the central objects. In the following result, we see that its general fibers are rationally chain connected.
Theorem 0.4 (Theorem 5.5). Let k be a field. Let π : X → S be a projective surjective k-morphism of normal k-varieties such that π * O X = O S . Assume the following conditions.
(1) X is Q-factorial.
(2) −K X is π-ample.
(3) ρ(X/S) = 1. Then general fibers of π are rationally chain connected.
Remark 0.5. If k is an algebraically closed field of characteristic zero and X is log canonical, then Theorem 0.4 follows from [HM, Corollary 1.5] .
We obtain the following corollary.
Corollary 0.6 (Corollary 5.3). Let k be a field. Let X be a projective normal variety over k. Assume the following conditions.
(2) −K X is ample.
(3) ρ(X) = 1. If D is a numerically trivial Cartier divisor on X, then there exists n ∈ Z >0 such that O X (nD) ≃ O X .
As other applications, we obtain a weakening of cone theorems for surfaces and threefolds over an arbitrary field of positive characteristic.
Theorem 0.7 (Theorem 6.5). Let k be a field of characteristic p > 0. Let X be a projective normal surface over k and let ∆ be an effective R-divisor such that K X + ∆ is R-Cartier. Let A be an ample R-Cartier R-divisor. Then, there exist finitely many curves C 1 , · · · , C m such that
Theorem 0.8 (Theorem 6.7). Let k be a field of characteristic p > 0. Let X be a projective normal Q-factorial threefold over k and let ∆ be an effective R-divisor whose coefficients are at most 1. If K X + ∆ is not nef, then there exist an ample Q-divisor A and finitely many curves C 1 , · · · , C m such that K X + ∆ + A is not nef and that
0.9 (Proof of the main theorem). We overview the proof of Theorem 0.1. Let k be a field of characteristic p > 0. Let X be a regular variety over k. Set Y to be the normalization of (X × k k 1/p ∞ ) red . Note that X × k k 1/p ∞ is irreducible because Spec k 1/p ∞ → Spec k is a universally homeomorphism. We assume that X is not geometrically reduced, otherwise the proof is easy.
By our assumption, X × k k 1/p ∞ is not reduced. However it is difficult to compare dualizing sheaves of X × k k 1/p ∞ and (X × k k 1/p ∞ ) red . Thus our main idea is to avoid non-reduced schemes. For this, we use the following lemma.
Lemma 0.10 (Lemma 2.3). Let k be a field of characteristic p > 0. Let F/k and k ′ /k be field extensions. Assume the following two conditions. (1) k is purely inseparably closed in F , that is, if x ∈ F satisfies x p ∈ k, then x ∈ k. (2) The field extension k ′ /k is purely inseparable and [k ′ : k] = p. Then F ⊗ k k ′ is a field.
Set F := K(X). Since k is algebraically closed in F = K(X) by the assumption, we see that k is purely inseparably closed in F . Let k ′ /k be an arbitrary purely inseparable extension with [k ′ : k] = p. From a pair (X, k), we construct a "bigger" pair (X 1 , k 1 ). By Lemma 0.10, we see that X × k k ′ is an integral scheme but may not be normal. By taking the normalization X 1 of X × k k ′ , X 1 is a normal variety over k ′ . Let k 1 be the purely inseparable closure of k ′ in K(X 1 ). Since we can ignore codimension two closed subsets, we may assume that X 1 is regular. Then k 1 is purely inseparably closed in K(X 1 ). By the inductive argument, we obtain sequences k =: k 0 k 1 k 2 · · · and X =:
Let us calculate the relation between dualizing sheaves ω X/k and ω X 1 /k 1 . To obtain (X 1 , k 1 ) from (X, k), we apply the following three operations: a base change, normalization, replacing a base field k ′ by k 1 (enlarging base field). Under these operations, dualizing sheaves can be calculated as follows:
•
is the normalization and C 1 is an effective divisor. Summarizing above, we obtain
where g : X 1 → X is the induced morphism. Therefore, it suffices to find, in advance, a finite purely inseparable extension k ⊂ k goal such that k =: k 0 ⊂ k 1 ⊂ k 2 ⊂ · · · ⊂ k goal and that the end result (X goal , k goal ) satisfies a good property (X goal is geometrically reduced over k goal and so on). Such a pair (X goal , k goal ) can be found as a finite extension model of the pair ((
red is the normalization of (X × k k 1/p ∞ ) red . For more details, see Section 2 and Section 3. In Example 3.3, we give an explicit calculation for the double conic curve.
0.11 (Related results). As a related topic, there is a classical result called Tate's genus change (cf. [Schröer1] [Tate] ). It compares the genus of a given regular curve over an imperfect field and the one of the normalization of its purely inseparable base change of degree p.
In Theorem 0.4, we show that general fibers of a Mori fiber space are rationally chain connected. In [KMM] , Kollár-Miyaoka-Mori show that every smooth Fano variety, defined over an algebraically closed field of any characteristic, is rationally chain connected. After that, Hacon-M c Kernan ( [HM] ) and [Zhang] prove that log Fano varieties in characteristic zero are rationally connected. In positive characteristic, there are few results around this problem (cf. [6] ).
In Theorem 0.7 and Theorem 0.8, we establish a cone theorem for surfaces and threefolds over a non-closed field. If k is algebraically closed, then Theorem 0.7 and Theorem 0.8 follows from [T] and [CTX] , respectively. If X is a smooth projective geometrically connected variety over a non-closed field, then Mori's cone theorem ( [KM, Theorem 1.24] ) is established in Mori's original paper ( [Mori, Ch 2, §3] ). Note that Mori's cone theorem is not known even for regular projective varieties because his bend and break technique depends on the smoothness assumption.
In [CZ, Theorem 2.4 ], Chen-Zhang consider a behavior of canonical bundles under base changes to attack the Iitaka conjecture in positive characteristic. Their setting differs from our main theorem (Theorem 0.1). They consider a positive dimensional base although we treat the case when the base scheme is a field. On the other hand, they assume that the generic fiber is geometrically reduced, however we do not impose such an assumption.
1.1. Notation. We will not distinguish the notations invertible sheaves and divisors. For example, we will write L + M for invertible sheaves L and M. We say L is an R-invertible sheaf if L ∈ Pic(X) ⊗ Z R.
We say X is a variety over a field k (or a k-variety) if X is an integral scheme which is separated and of finite type over k. We say X is a curve (resp. a surface, resp. a threefold) if X is a variety over k with dim X = 1 (resp. dim X = 2, resp. dim X = 3). For a scheme X, set X red to be the reduced scheme whose underlying topological space is equal to X.
Let ∆ be an R-divisor on a normal variety over a field. We write ∆ ≤ a if, for the prime decomposition ∆ = i∈I δ i ∆ i , δ i ≤ a holds for every i ∈ I.
Let k be a field. Let X be a separated scheme of finite type over k and let C ֒→ X be a closed immersion such that C is a proper curve over k. Let L be an invertible sheaf on X. It is well-known that
and that its degree is at most one. We define the intersection number L · C by the coefficient of m, that is, the top coefficient. We will freely use the notation and terminology in [KM] and [Kollár2] . For the definition of uniruled and rationally chain connected varieties, see [Kollár1, Ch IV, Definition 1.1 and Definition 3.2]. For the definition of dualizing sheaves and canonical divisors, see Subsection 1.3.
For a field k of characteristic p > 0, we fix an algebraic closure k and set
Definition 1.1. Let A ⊂ B be a ring extension of F p -algebras.
(1) The purely inseparable closure C of A in B is the intermediate
(2) A is purely inseparably closed in B if the purely inseparable closure C of A in B satisfies A = C.
Note that A is purely inseparably closed in B if and only if an element γ ∈ B satisfies γ p ∈ A, then γ ∈ A.
1.2. Basic properties of purely inseparable base changes. In this subsection, we summarize basic properties of purely inseparable base changes. Some of them may be known results.
Lemma 1.2. Let k be a field. Let X be a normal variety over k. Then the following assertions hold.
(1) If X is geometrically connected, then X is geometrically irreducible over k. (2) Let k ⊂ k ′ be a field extension. Then the normalization morphism of (X × k k ′ ) red is a universal homeomorphism.
Proof. Note that if X is normal and connected, then X is integral. Thus if k is characteristic zero, then both of the assertions are clear. We assume that k is of characteristic p > 0. Assuming (2), we prove (1). We apply (2) for the algebraic closure
N red is connected and normal, hence it is integral. Therefore X × k k is irreducible because the composition morphism
It suffices to show (2). We reduce the proof to the case when k ⊂ k ′ is a purely inseparable extension. For a field extension k ⊂ k ′ , we obtain the following decomposition
where k 1 /k is purely transcendental, k 2 /k 1 is algebraic separable, and k ′ /k 2 is purely inseparable. We can check that X × k k 1 is normal and hence X × k k 2 is also normal. Therefore, we may assume that k ⊂ k ′ is purely inseparable.
We prove (2) assuming that k ⊂ k ′ is purely inseparable. Set Y to be the normalization of (X × k k ′ ) red . Then, we obtain the following commutative diagram
Since X and Y are normal and Y → X is an affine integral surjective morphism (i.e. the corresponding ring extension is integral), Y can be obtained by the integral closure of X in K(Y ). Since the field extension K(Y )/K(X) is purely inseparable, the ring extensions
is purely inseparable for every affine open subset U on X. Since β : (X × k k ′ ) red → X is a universally homeomorphism, the ring extension
is purely inseparable for every affine open subset V of (X × k k ′ ) red . Therefore, h is a universally homeomorphism.
Positivity of intersection number does not change under base changes. Lemma 1.3. Let k ⊂ k ′ be a field extension. Let C be a proper kcurve and fix a proper k ′ -curve B equipped with a closed immersion B ֒→ C × k k ′ . Set β : B ֒→ C × k k ′ → C to be the induced morphism. Let L be an invertible sheaf on C. Then, the following assertions hold.
Proof. (2) follows from (1). (3) holds by (1) and (2). Thus, we only show (1). By a standard argument, we can assume that k ⊂ k ′ is a finite extension. Then, B → C is a finite surjective k-morphism between proper k-curves. Thus the assertion holds.
By a purely inseparable base change, Picard numbers do not change.
(2) Let k be a field of characteristic p > 0 and let k ⊂ k ′ be a (possibly infinite) purely inseparable field extension. Let X be a proper scheme over k. Then, ρ(X) = ρ(X × k k ′ ). (3) Let k be a field of characteristic p > 0. Let X be a proper normal variety over k. Set Y to be the normalization of
which is injective, where
This implies the surjectivity ofβ.
(3) By Lemma 1.2, Y → X × k k 1/p ∞ is a universal homeomorphism. Then, the assertion follows from (1) and (2).
A purely inseparable cover of a Q-factorial variety is Q-factorial. Lemma 1.5. Let f : X → Y be a homeomorphic morphism of noetherian integral normal schemes which are separated over Spec Z. If Y is Q-factorial, then X is Q-factorial.
Proof. Let D X be a prime divisor on X. Note that prime divisor is an irreducible closed subset of codimension one.
1.3. Known results on dualizing sheaf. We recall the definition of dualizing sheaves and collect some basic properties.
Definition 1.6. Let k be a field. Let X be a d-dimensional separated scheme of finite type over k. We set
where α : X → Spec k is the structure morphism.
A dualizing sheaf does not change by enlarging a base field.
Lemma 1.7. Let k/k 0 be a finite field extension. Let X be a separated scheme of finite type over k. Note that X is also of finite type over k 0 . Then, there exists an isomorphism
Thanks to Lemma 1.7, we can define canonical divisors K X independent of a base field. Definition 1.8. Let k be a field. If X is a normal variety over k, then it is well-known that ω X/k is a reflexive sheaf. Let K X be a divisor which satisfies
Note that a canonical divisor is determined up to linear equivalence.
The following result is a general result by Conrad. Theorem 1.9. Let k ′ /k be a field extension. Let X be a pure dimensional Cohen-Macaulay separated scheme of finite type over k. Let β : X × k k ′ → X be the projection. Then,
Proof. See [Conrad, Theorem 3.6 .1].
Under the normalization, dualizing sheaves are changed as follows.
Proposition 1.10. Let k be a field. Let X be a Gorenstein variety over k. Set ν : X N → X to be the normalization and let (X N ) reg be the regular locus of X N . Then,
where C is an effective Z-divisor on X N whose support is the same as the codimension one part of the conductor of ν.
Proof. See [Reid, Proposition 2.3] .
Field theoretic version of the main theorem
The main result of this section is Proposition 2.4, which plays a crucial role in Section 3 (cf. Lemma 3.1). For this, we need the following three lemmas.
Lemma 2.1. Let k be a field of characteristic p > 0. Let F be a field containing k. If F is geometrically reduced over k, then k is purely inseparably closed in F .
Proof. Assume that there exist
Thus, it suffices to prove that k ′ ⊗ k k ′ is not reduced. This follows from
Lemma 2.2. Let k be a field and let F be a finitely generated field over k. Let A be an arbitrary noetherian k-algebra. Then, F ⊗ k A is a noetherian ring.
Proof. We can find a finitely generated k-subalgebra R ⊂ F whose fractional field is F . Set S := R \ {0} and we see F = S −1 R. We can check that there exists the following ring isomorphism
where
The following lemma is a little bit generalization of [Schröer2, Lemma 1.3] .
Lemma 2.3. Let k be a field of characteristic p > 0. Let F/k and k ′ /k be field extensions. Assume the following two conditions.
(1) k is purely inseparably closed in F .
(2) The field extension k ′ /k is purely inseparable and [k
Proof. Fix α ∈ k ′ \ k and we see β := α p ∈ k. By (2), we see
It is enough to show that there is no element γ ∈ F such that γ
We show the main result in this section.
Proposition 2.4. Let k be a field of characteristic p > 0. Let F be a finitely generated field over k. Then, there exist sequences of field extensions
, which satisfy the following properties.
(1) The field extension k n /k is a finite purely inseparable extension.
(2) The field extension F n /F is a finite purely inseparable extension.
The universal property of tensor products induces a ring homomorphism θ :
Proof. For a ring R, set Nil R to be its nilradical. Consider the ring
This ring is a noetherian ring by Lemma 2.2. Thus, its nilradical Nil F ⊗ k k 1/p ∞ is finitely generated. Then we can find a finite purely inseparable extension
Therefore, we obtain
In particular,
and F goal are fields. We see
We see that k goal is purely inseparably closed in F goal by Lemma 2.1.
In the following argument, we inductively construct two increasing sequences of subfields of k goal and of F goal , respectively. Fix an integer j ≥ 1 and we assume that we have already constructed two sequences of fields
(1) i The field extension k i /k is a finite purely inseparable extension.
(2) i The field extension F i /F is a finite purely inseparable extension.
and (5) j+1 holds. Thanks to (3) j and (4) j+1 , we can apply Lemma 2.3 to
, and see that F j+1 is a field. Let k j+1 be the purely inseparable closure of k 0 j+1 in F j+1 . Then (3) j+1 holds. We show k j+1 ⊂ k goal and F j+1 ⊂ F goal . Note that these imply (1) j+1 and (2) j+1 , respectively. Since F j , k j and k 0 j+1 are contained in F goal , we obtain a natural ring homomorphism
Since F j+1 and F goal are fields, this ring homomorphism is automatically injective. Thus, we obtain F j+1 ⊂ F goal by replacing F j+1 with the image of the injection F j+1 → F goal . Then we obtain k j+1 ⊂ k goal because k 0 j+1 ⊂ k goal and k goal is purely inseparably closed in F goal .
By the above inductive construction, we obtain
Thus, to show (6) and (7), we prove F n = F goal . For this, it is enough to prove
can be characterized as the smallest field in F goal which contains F 1 and k goal . Therefore, F n ⊃ F 1 and F n ⊃ k goal imply F n ⊃ F goal .
Main theorem: canonical divisors and purely inseparable base changes
In this section, we show the main theorem of this paper (Theorem 3.2). We start with a lemma which almost follows from Proposition 2.4.
Lemma 3.1. Let k be a field of characteristic p > 0. Let X be a normal variety over k. Then, there exist sequences
N is the normalization of (X × k k 1/p ∞ ) red which satisfy the following properties.
(2) For every i, X i is a normal variety over k i , and the morphism X i → X i−1 is a finite surjective purely inseparable morphism. (3) For every i, k i is the purely inseparable closure of k
Proof. Set F := K(X). Then, we can apply Proposition 2.4 and we obtain sequences of field extensions
which satisfy the following properties.
(1) ′ The field extension k n /k is a finite purely inseparable extension. (2) ′ The field extension F n /F is a finite purely inseparable extension. (3) ′ For every i, we obtain k
′ F n is geometrically reduced over k n . (7) ′ The universal property of tensor products induces a ring homomorphism θ :
We construct a sequence X =: X 1 ← X 2 ← · · · ← X n which has a morphism X i → Spec k i for every i and satisfies properties (1)-(7). Since (1) = (1) ′ and (4) = (4) ′ , it suffices to show (2)(3)(5)(6)(7). For this, we inductively construct a normal k i -variety
Set X =: X 1 . Since X 1 is normal, the structure morphism X 1 → Spec k 0 1 factors through Spec k 1 . Therefore, we can take the fiber product X 1 × k 1 k 0 2 . The ring corresponding to an open affine subscheme of
is an integral scheme. Take the normalization X 2 of X 1 × k 1 k 0 2 and we see K(X 2 ) = F 2 . We obtain X 2 → Spec k 2 → Spec k 0 2 and, for i = 2, properties (2)(3)(5) follow from (2) ′ (3) ′ (5) ′ . By the same argument, we can construct X 1 , X 2 , X 3 , · · · , X n which satisfy (1)-(5) and K(X i ) = F i . Moreover, (6) and (7) follow from (6) ′ and (7) ′ , respectively. We are done.
We show the main theorem of this paper.
Theorem 3.2. Let k be a field of characteristic p > 0. Let X be a normal variety over k. Set Y to be the normalization of (X × k k 1/p ∞ ) red and let f : Y → X be the induced affine morphism. Let X reg and Y reg be the regular loci of X and Y , respectively. Then, the following assertions hold.
(a) If X is geometrically reduced but not geometrically normal over k, then there exists a nonzero effective Z-divisor C on Y such that
(c) If X is not geometrically reduced and k is algebraically closed in K(X), then there exists a nonzero effective Z-divisor C on Y such that
→ X, where ν is the normalization. Since we can omit codimension two closed subsets, we may assume that X and Y are regular. Then X × k k 1/p ∞ is Gorenstein and we obtain
by Theorem 1.9. Moreover, by Proposition 1.10, we obtain
where C is an effective Z-divisor whose support is equal to the codimension one part of the conductor of ν. We show C = 0. It suffices to show that X × k k 1/p ∞ is not regular in codimension one. Assume that X × k k 1/p ∞ is regular and let us derive a contradiction. Since X is S 2 , so is X× k k 1/p ∞ . Then, by Serre's criterion for normality, X × k k 1/p ∞ is normal. This is impossible because X is not geometrically normal over k.
(b) We apply Proposition 3.1 and obtain sequences
, which satisfies the following properties.
(2) For every i, X i is a normal variety over k i , and the morphism X i+1 → X i is a finite surjective purely inseparable morphism. (3) For every i, k i is the purely inseparable closure of k
From X i → Spec k i , the morphism X i+1 → Spec k i+1 is obtained by the following three steps.
(α) Take the base change
holds out side a codimension two closed subset where the support of C i,i+1 is equal to the codimension one part of the conductor of ν i,i+1 (Proposition 1.10).
Note that, outside a codimension two locus, every X i is regular and every X i × k i k 0 i+1 is Gorenstein. Therefore, we see that
for some effective Z-divisor C ′ where g : X n → X. Note that C ′ is the sum of the pull-backs of C 1,2 , C 2,3 , · · · , C n−1,n . Let h : Y → X n be the induced morphism. By (7) and the proof of the case (a), we see
Note that C ′′ may be zero. Then we obtain
We may assume that X is proper, because X is not geometrically reduced over k if and only if K(X) is not geometrically reduced over k. Since k is algebraically closed in K(X), we obtain α * O X = O Spec k where α : X → Spec k is the structure morphism.
We apply the same argument as (b) and use the same notation as (b). To show C = 0, we prove C ′ = 0. Assume the contrary, that is, assume C i,i+1 = 0 for every i. Let us derive a contradiction. The equation
is an isomorphism and
by the induction on i, where
Then we see that X n ≃ X × k k n and X n is geometrically reduced over k n . Therefore, X is geometrically reduced over k, which violates our assumption.
We give an explicit calculation for the double conic.
Example 3.3. Let F be an algebraically closed field of characteristic two. Set k := F (s, t) to be the purely transcendental extension of F of degree two. Let
This is a regular curve by the Jacobian criterion. Set
Take the base change
Note that X × k k ′ is integral but not normal because the origin is a unique non-regular point. Taking the blowup at the origin, we see that the normalization X 1 of X × k k ′ is written by
). Therefore, X 1 is geometrically reduced over k 1 .
In Theorem 3.2, the scheme (X × k k 1/p ∞ ) red is not changed by replacing a larger base field k ′ which is purely inseparable over k.
Lemma 3.4. Let k be a field of characteristic p > 0 and let k ′ /k be a finite purely inseparable extension. Let X be a reduced scheme of finite type over k ′ . Then, the natural morphism
is an isomorphism.
Proof. Since the problem is local, we can assume that X = Spec B. Set
to be the ring homomorphism corresponding to θ. Clearly, ϕ is surjective. Thus, we show that ϕ is injective. To apply Lemma 3.5, it suffices to check that the natural homomorphism
and B is reduced, ψ is injective. Therefore, also ϕ is injective by Lemma 3.5.
The following lemma is used in the proof of Lemma3.4.
Lemma 3.5. Let A ⊂ R be a ring extension of F p -algebras. Let A ⊂ A ′ ⊂ R and let A ⊂ B ⊂ R be two intermediate rings. Assume that the ring extension A ⊂ A ′ is purely inseparable, that is, for every α ∈ A ′ , there is e ∈ Z >0 such that α p e ∈ A. If R is reduced, then the natural ring homomorphism
Proof. We have the following homomorphisms
It suffices to show ξ ℓ = 0 for some ℓ > 0. Since A ⊂ A ′ is purely inseparable, ξ p e comes from B, that is, there is b ∈ B such that ξ p e = j(b). Since
and θ•π•j : B → R is injective, we obtain b = 0. Thus, ξ p e = j(b) = 0. This is what we want to show.
Uniruledness of bad K X -trivial fibrations
In this section, we show Theorem 4.5. We recall the definition of uniruled varieties.
Definition 4.1 (Ch IV, Definition 1.1 of [Kollár1] ). Let k be a field. Let X be a variety over k. We say X is uniruled if there exist a variety Y of dim Y = dim X − 1 and a dominant rational map
For a separated scheme X of finite type over k, X is uniruled if and only if every irreducible component of X red is uniruled.
The following lemma is fundamental.
Lemma 4.2. Let k ⊂ k ′ be a field extension. Let X be a normal geometrically connected variety over k. Then, X is uniruled if and only if the normalization Y of (X × k k ′ ) red is uniruled.
Proof. If k is characteristic zero, then the assertion follows from [Kollár1, Ch IV, Proposition 1.3]. Assume that k is characteristic p > 0. Again, by [Kollár1, Ch IV, Proposition 1.3], X is uniruled if and only if
red is a universally homeomorphism by Lemma 1.2(2), this factors through an eterated Frobenius
Thanks to the bend and break technique, we obtain a criterion for uniruledness.
Lemma 4.3. Let k be a perfect field of characteristic p > 0. Let X be a projective normal variety over k. Assume that the equation −K X = N + E holds as Weil R-divisors where N is a nef R-Cartier R-divisor and E is an effective R-divisor. If E = 0 or N ≡ 0, then X is uniruled.
Proof. We can replace k by its algebraic closure k. Indeed, the pullbacks of N and E by X × k k → X are nef and effective, respectively. Thus we can assume that k is algebraically closed. Then the assertion follows from the same proof as [Kollár1, Ch IV, Corollary 1.14].
The following theorem holds only in positive characteristic because a normal variety over a field of chracteristic zero is geometrically reduced and geometrically normal.
Theorem 4.4. Let k be a field of characteristic p > 0. Let X be a projective normal variety over k such that α * O X = O Spec k , where α : X → Spec k is the structure morphism. Assume that −K X = N +E where N is a nef R-Cartier R-divisor and E is an effective R-divisor. Moreover, assume that one of the following conditions hold.
(1) X is not geometrically reduced over k.
(2) X is geometrically reduced over k but not geometrically normal over k. Then X is uniruled.
Proof. Assume that (1) or (2) holds. Let Y be the normalization of (X × k k 1/p ∞ ) red and let f : Y → X be the induced morphism. Then, by Theorem 3.2, we obtain
for some nonzero effective Z-divisor C. By Lemma 4.2, it suffices to show that Y is uniruled. Since C = 0, the assertion holds by Lemma 4.3.
We show the main theorem in this section.
Theorem 4.5. Let k be a field of characteristic p > 0. Let π : X → S be a projective surjective k-morphism of normal k-varieties such that π * O X = O S . Assume that −K X = N +E where N is a π-nef R-Cartier R-divisor and E is an effective R-divisor. Moreover, assume that one of the following conditions hold.
(1) The generic fiber of π is not geometrically reduced.
(2) The generic fiber of π is geometrically reduced but not geometrically normal. Then X is uniruled.
Proof. Set X K(S) := X × S K(S). To apply Theorem 4.4 for X K(S) → Spec K(S), we check that the conditions of Theorem 4.4 hold. Since Spec K(S) → S is flat, we obtain α
We see that N| X K(S) is a nef R-Cartier R-divisor and E| X K(S) is an effective R-divisor. Then we can apply Theorem 4.4 for X K(S) → Spec K(S), and we see that X K(S) is uniruled over K(S). Thus we obtain a dominant rational map
where Y is a (dim X − dim S − 1)-dimensional variety over K(S). By killing denominators, we can find an open affine k-variety Spec R ⊂ S and a (dim X − 1)-dimensional variety Y R over R which satisfies Y R × R K(S) ≃ Y , equipped with a dominant rational map
RCC-ness of general fibers of Mori fiber spaces
In this section, we show Theorem 5.5. We recall the definition of MRCC-fibrations.
Definition 5.1 (Definition 5.1 of [Kollár1] ). Let k be a field. Let X be a proper normal variety over k.
(1) We say X ⊃ X 0 π → Z is an RCC fibration if X 0 is a nonempty open subset of X and π : X 0 → Z is a proper surjective morphism such that the fibers are RCC schemes and that
Fano varieties with ρ(X) = 1 play a crucial role in the minimal model theory. The following theorem states that such varieties are rationally chain connected.
Theorem 5.2. Let k be a field. Let X be a projective normal geometrically connected variety over k. Assume the following conditions.
• X is Q-factorial.
• −K X is ample.
• ρ(X) = 1.
Then X is rationally chain connected over k.
Proof. We may assume that α * O X = O Spec k where α : X → Spec k is the structure morphism. We reduce the proof to the case where k is perfect. Set char k =: p > 0. Let Y be the normalization of (X × k k 1/p ∞ ) red . Then, we see that Y is Q-factorial (Lemma 1.5) and ρ(Y ) = 1 (Lemma 1.4). Moreover, by Theorem 3.2(b), we see
for some effective divisor C on Y . Since ρ(Y ) = 1, C is nef. In particular, −K Y is ample. Thus, by replacing X with Y , we may assume that k is perfect. Set Z := X × k k. Note that −K Z is an ample Q-Cartier divisor. Thus Z is uniruled. Therefore, an MRCC fibration of Z ⊃ Z 0 → W satisfies dim W < dim Z. By Lemma A.4, an MRCC fibration
It suffices to show dim V = 0. Assume dim V > 0 and let us derive a contradiction. Fix a closed point v ∈ V . We can find an effective Cartier divisor D V on V with v ∈ D V by shrinking V if necessary. Take a proper curve C X ⊂ π −1 (v) and set D X to be the closure of
Corollary 5.3. Let k be a field. Let X be a projective normal variety over k. Assume the following conditions.
Proof. We may assume that α * O X = O Spec k where α : X → Spec k is the structure morphism. By the same argument as Theorem 5.2, we may assume that k is a perfect field. Take the base change to the algebraic closure X × k k. By the assumption, X × k k is rationally chain connected. Then, the Albanese variety of X × k k is one point. Therefore, D is torsion.
The following lemma is useful to compare the total space and the generic fibers.
Lemma 5.4. Let k be a field. Let π : X → S be a proper surjective k-morphism of normal k-varieties such that π * O X = O S .
(1) If X is Q-factorial, then the generic fiber X K(S) is also Qfactorial. (2) If X is Q-factorial and ρ(X/S) = 1, then ρ(X K(S) ) = 1.
Proof.
(1) Let D be a prime divisor on X K(S) . Then we can find a nonempty open subset S ′ ⊂ S and a prime divisor
Cartier for some m ∈ Z >0 . Therefore, its pull-back mD to X K(S) is also Cartier.
(2) Fix a Cartier divisor D on X K(S) and a curve C on X K(S) . Assume D · C = 0. It suffices to show D ≡ 0. For this, fix an arbitrary curve B on X K(S) and we prove D · B = 0. We can find a non-empty open subset S ′ ⊂ S, a Cartier divisor D S ′ on π −1 (S ′ ) and flat families of curves C S ′ , B S ′ ⊂ π −1 (S ′ ) over S ′ , whose pull-back and inverse images to X K(S) are D, C, B, respectively. Fix a closed point s ∈ S ′ and let D s , C s , B s be the pull-back and inverse images to X s . By the flatness of C S ′ → S ′ , we obtain
This is what we want to show.
Theorem 5.5. Let k be a field. Let π : X → S be a projective surjective k-morphism of normal k-varieties such that π * O X = O S . Assume the following conditions.
Proof. By [Kollár1, Ch IV, Corollary 3.5] , it suffices to show that the generic fiber is rationally chain connected. For this, we check that the generic fiber X K(S) satisfies the assumptions of Theorem 5.2. By Lemma 5.4, X K(S) is Q-factorial and ρ(X K(S) ) = 1. Since −K X is π-ample, −K X K(S) is ample.
Cone theorem for surfaces and threefolds
In this section, we show Theorem 6.5 and Theorem 6.7. We recall the definition of nef thresholds. Definition 6.1. Let k be a field. Let X be a projective scheme over k. Let D be an R-invertible sheaf and let H be an ample R-invertible sheaf. We define a nef threshold a H of D with respect to H by
′ be a field extension. Let X be a projective scheme over k. Set β : X × k k ′ → X to be the projection. Let D be an R-invertible sheaf and let H be an ample R-invertible sheaf. Then, by Lemma 1.3, the nef threshold of D with respect to H is equal to the nef threshold of β * D with respect to β * H.
One of the main strategy to show the cone theorem is to find an upper bound of length of extremal rays. However it may be difficult to find such a bound by the following example.
Example 6.3. Let k be a field and let k be its algebraic closure. Assume [k : k] = ∞. Then, for every positive integer N ∈ Z >0 , there exist a projective regular surface X over k and a curve C on X which satisfy the following properties.
(
Take the blowup at y: f : X → Y and let C be the f -exceptional curve. We see −K X · C > 0. Note that the structure morphism C → Spec k factors through C → Spec k(y) → Spec k. Thus the residue field of every closed point of C contains k(y).
Instead of the boundedness of length of extremal rays, we use the following lemma.
Lemma 6.4. Let k be a field. Let X be a projective normal variety over k. Let ∆ be an R-divisor on X such that K X + ∆ is R-Cartier. Let A be an ample R-Cartier R-divisor on X. For any ample R-Cartier R-divisor H, let a H be the nef threshold of K X + ∆ + 1 2 A with respect to H.
Assume that there exist finitely many curves C 1 , · · · , C m , such that for any ample R-Cartier R-divisor H on X, we have that
Proof. We can apply the same proof as [CTX, Lemma 6.2] .
We show a cone theorem for surfaces.
Theorem 6.5. Let k be a field of characteristic p > 0. Let X be a projective normal surface over k and let ∆ be an effective R-divisor such that K X +∆ is R-Cartier. Let A be an ample R-Cartier R-divisor.
(1) For any ample R-Cartier R-divisor H, let a H be the nef threshold of K X + ∆ + A with respect to H. Then, there exist finitely many curves C 1 , · · · , C m , such that for any ample R-Cartier R-divisor H on X, we have that (K X + ∆ + A + a H H) · C i = 0 for some i. (2) There exists a finitely many curves C 1 , · · · , C r such that
Proof. Since (2) follows from (1) by Lemma 6.4, we prove (1). For the structure morphism α : X → Spec k, we may assume α * O X = O Spec k by taking the Stein factorization.
Let k be the algebraic closure of k. Let Y be the normalization of (X × k k) red . Then, Y is a normal variety over k. Let f : Y → X be the induced morphism. Then, by Theorem 3.2(b), we obtain
for some effective divisor D. Thus, we can find an effective R-divisor
and that K Y +∆ Y is R-Cartier. Thus, (k, Y, ∆ Y , f * A) satisfies the same assumptions as (k, X, ∆, A). Note that, if k is an algebraically closed field, then the assertion follows from [T, Theorem 3.13(2) ]. Then, there exist curves
By the cone theorem for surfaces (Theorem 6.5), we obtain a cone theorem for threefolds with pseudo-effective canonical divisors. Theorem 6.6. Let k be a field of characteristic p > 0. Let X be a projective normal Q-factorial threefold and let ∆ be an effective Rdivisor. Assume the following two conditions.
• 0 ≤ ∆ ≤ 1.
• K X + ∆ is pseudo-effective Let A be an ample R-divisor.
(1) For any ample R-divisor H, let a H be the nef threshold of K X + ∆ + A with respect to H. Then, there exist finitely many curves C 1 ,..., C m , such that for any ample R-divisor H on X, we have that (K X + ∆ + A + a H H) · C i = 0 for some i. (2) There exists a finitely many curves C 1 , · · · , C r such that
Proof. Since (2) follows from (1) by Lemma 6.4, we prove (1).
Since A is ample, we can assume 0 ≤ ∆ < 1 and K X + ∆ ≡ E where E is an effective R-divisor. Set E := s i=1 e i E i to be the prime decomposition with e i > 0. We define λ i ∈ R >0 by
Let Γ 1 , · · · , Γ r be the curves in X such that each Γ j is contained in the conductors of one of the normalizations ν 1 :
. We define γ j ∈ R by (K X + ∆ + A + γ j H) · Γ j = 0. Set µ := max{max 1≤i≤s {b i,H }, max 1≤j≤r {γ j }} and we show that a H = µ.
is nef for every i and (K X + ∆ + A + a H H) · Γ j ≥ 0 for every j. Thus, we obtain a H ≥ µ. We show the inverse inequality a H ≤ µ. Assume that (K X + ∆ + A + cH) · C < 0 for some c ≥ 0 and curve C. We show that one of {(
Thus, we may assume that (K X + ∆ + A + cH) · Γ j ≥ 0 for every j. In particular, C = Γ j for every j. Since
we obtain E i · C < 0, which implies C ⊂ E i . Since C = Γ j , we can take the proper transform
is not nef and we obtain a H ≤ µ. We have
We apply Theorem 6.5 for (E
, which satisfy the property Theorem 6.5(1).
We show that the curves Γ 1 , · · · , Γ r and {ν i (D
t i )} 1≤i≤s satisfy the required properties. Take an ample R-Cartier R-divisor H. Since a H = µ, we obtain a H = b i,H for some i or a H = γ j for some j. If a H = γ j , then there is nothing to show. We can assume a H = b i,H for some i. Then, by the choice of D
ℓ = 0 for some ℓ. We are done. By a result of [CTX] , we obtain a weak cone theorem for threefolds over an arbitrary field of positive characteristic.
Theorem 6.7. Let k be a field of characteristic p > 0. Let X be a projective normal Q-factorial threefold over k and let ∆ be an effective R-divisor such that 0 ≤ ∆ ≤ 1. If K X + ∆ is not nef, then there exist an ample Q-divisor A and finitely many curves C 1 , · · · , C m such that K X + ∆ + A is not nef and that
Proof. Fix an ample Q-divisor A 0 such that K X + ∆ + A 0 is not nef. Set a H to be the nef threshold of K X + ∆ + A with respect to H. There are the following two cases.
(1) There exists an ample R-divisor H such that
(1) Assume that there exists an ample R-divisor H such that K X + ∆ + A 0 + a H H is big. Then, K X + ∆ + A 0 + (a H − ǫ)H is also big but not nef for a small positive real number ǫ > 0. Then, by perturbing A 0 +(a H −ǫ)H, we can find an ample Q-divisor A such that K X +∆+A is big but not nef. Then, the assertion follows from Theorem 6.6.
(2) In this case, we set A := A 0 and we show that A satisfies the required properties. For every ample R-divisor H, K X + ∆ + A + a H H is not big. We may assume that α * O X = O Spec k where α : X → Spec k is the structure morphism. Set Y to be the normalization of (X × k k) red where k is the algebraic closure of k. By Theorem 3.2(b), we can write [CTX, Lemma 5 .3], we can find a curve C ′ on Y such that
Thus, we can find curves
. Then, by Lemma 1.3, for every ample R-divisor H, we can find C i such that
By Lemma 6.4, we obtain the assertion.
Appendix A. MRCC fibrations and base changes
The purpose of this section is to show Proposition A.4. Although this result is intrinsically shown in the proof of [Kollár1, Theorem 5 .2], we give a proof of it for the sake of completeness. First, we establish two lemmas.
Lemma A.1. Let k be a field. Let
T be k-morphisms of k-varieties which satisfy the following properties.
• X, Y, and T are normal k-varieties.
• T is an affine scheme.
• π is a proper surjective morphism such that π * O Y = O T and f is a finite surjective morphism. Then there exists an affine normal k-variety S with the following commutative diagram
where ρ is a proper surjective k-morphism such that ρ * O X = O S and g is a finite surjective k-morphism.
Proof. Set R S := Γ(X, O X ) and S := Spec R S . Note that
We show that S satisfies the required properties. Clearly, S is an affine normal k-variety. By the definition, S satisfies the following
We see that R T is a finitely generated R S -algebra. Therefore, it suffices to show that, for every t ∈ R T , t is integral over R S . By taking the separable closure of K(Y )/K(X), we may assume that K(X) ⊂ K(Y ) is separable or purely inseparable.
Assume that
where sym j is the N-variable elementary symmetric polynomial of degree j. Fix an arbitrary affine open subset Spec R X ⊂ X. It suffices to show that sym j (σ 1 (t), · · · , σ N (t)) ∈ R X . Let Z be the normalization of
is purely inseparable and we show that t is integral over R S . Since f is a finite morphism, we obtain [K(Y ) : K(X)] < ∞. Therefore we can find an integer e > 0 with t p e ∈ Γ(Y, O Y ) = R T . We are done.
Remark A.2. Lemma A.1 fails when Z is not affine. Actually, there is a finite morphism Y := P 1 × P 1 → P 2 =: X.
On the other hand, Y has a proper morphism to a curve but X does not. This implies y ∈ Y 1 . We prove the inverse inclusion Y 0 ⊃ Y 1 . We take y ∈ Y 1 . Then, we obtain the following commutative diagram of inclusions We prove the main result of this section.
Proposition A.4. Let k ⊂ k ′ be a field extension. Let X be a proper geometrically normal and geometrically connected variety over k. Let X ⊃ X 0 → V and X × k k ′ ⊃ Y 0 → W be MRCC fibrations of X and X × k k ′ , respectively. Then dim V = dim W .
Proof. For a proper variety V , set r(V ) := dim V − dim W where V ⊃ V 0 → W is an MRCC fibration. Note that r(V ) is well-defined because W and W 1 are birational for another MRCC fibration V ⊃ V 0 1 → W 1 . It is enough to show r(X) = r(X × k k ′ ). We show r(X) ≤ r(X × k k ′ ). Take an RCC fibration X ⊃ X 0 → Z such that the dimension of a general fiber is r(X). Then, taking the base change to k ′ , we obtain an RCC fibration
It suffices to prove r(X) ≥ r(X × k k ′ ). We obtain an RCC fibration
. We prove that we may assume that [k ′ : k] < ∞. We obtain a family of RCC fibrations X × k R ⊃ Y 0 R → Z R over some intermediate ring k ⊂ R ⊂ k ′ which is of finite type over k. Taking a general closed point of Spec R, we may assume [k ′ : k] < ∞. If k ′ /k is purely inseparable, then the assertion can be easily proved. Thus, we may assume that k ′ /k is a finite separable extension. Moreover, by taking the Galois closure of k ′ /k, we may assume that k ′ /k is a finite Galois extension.
Assume that k ′ /k is a finite Galois extension. We have an MRCC fibration Y := X × k k ′ ⊃ Y 0 → Z such that dim Y −dim Z = r(X × k k ′ ). Since k ′ /k is a Galois extension, so is K(Y ) = K(X × k k ′ )/K(X). Set G := Gal(K(Y )/K(X)) = {σ 1 , · · · , σ N }.
By shrinking Z, we may assume Z = Spec R Z . We fix an embedding K(Z) ⊂ K(Y ). Let σ * i : Y → Y be the induced automorphism. We show that K(Z) = σ i (K(Z)) for every integer 1 ≤ i ≤ N. Fix 1 ≤ i ≤ N. We obtain another MRCC fibration
Then, we see that Spec R Z and Spec σ i (R Z ) are birational. This implies K(Z) = σ i (K(Z)). Thus, each σ i induces an birational automorphism σ i : Z Z. Since G = {σ 1 , · · · , σ N } is a finite group, we can find a non-empty open subset Z ′ ⊂ Z such that the induced rational map Z ′ Z ′ is an isomorphism, i.e., automorphism. By replacing Z with Z ′ , we may assume that σ i : Z → Z is an automorphism. In particular σ i (R Z ) = R Z .
We show Y 0 = σ * i (Y 0 ) for every i. By Lemma A.3, we obtain
Therefore,
By Lemma A.1, we obtain the following commutative diagram
T − −− → S, where S is an affine normal k-variety, T → S is a finite surjective morphism, and X 0 → S is a proper surjective morphism. Since fibers of Y 0 → T are RCC, so are the fibers of X 0 → S. Therefore X ⊃ X 0 → S is an RCC fibration, which implies r(X) ≥ dim X − dim S = dim Y − dim T = r(Y ) = r(X × k k ′ ).
